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A differential quadrature solution for the flexural behavior of a cylindrical storage tank resting on an isotropic 
elastic soil medium is presented. The interhace between the plate foundation and the soil half space is 
considered to be perfectly smooth and continuous. Zeros of Legendre polynomials are taken as the quadrature 
points. The procedure automatically fits a polynomial of a degree one less than the number of points 
considered to model the expected response. The procedure accounts for the interaction between the tank wall 
and the plate foundation using slope and moment compatibility. It also accounts for the interaction between 
the plate foundation and the soil medium using the contact stress equation for the elastic half space. The 
results obtained compare well with the finite element analysis of a similar problem, but with much less 
computational efforts. Results of a paramem’c study are also presented to demonstrate the effect of the various 
geometric and material parameters on the flexural response of the system. 0 1997 by Elsevier Science Inc. 
1. Introduction 
Steel or concrete cylindrical tanks are very commonly 
used to store inert liquids like water or toxic fluids like 
gasoline and other chemicals. Most of these tanks are 
either carried up to some depth into the soil or rest on top 
of the soil, and both problems are generally treated the 
same way for analysis. The most common problem with 
concrete storage tanks is the leakage caused by fractures 
at the junction of the tank wall and the plate foundation. 
To avoid such failures both the interactions between the 
soil and the plate foundation, and between the plate 
foundation and superstructure (the tank) must be consid- 
ered for the analysis and design of such storage tanks. 
Conventionally the tank wall and the base plate-soil sys- 
tem are treated separately, assuming the cylindrical tank 
wall to be fixed at the base. The base reactions computed 
for the tank wall are then applied to the foundation-soil 
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system to get an approximate solution ignoring the effect 
of relative stiffness of the two systems. Depending on the 
rigidities of the foundation-soil system and the tank wall a 
high concentration of moment may occur at the junction 
between the foundation and the wall or at the center of 
the base plate, which if not accounted for may lead to a 
failure at this interface. 
An extensive amount of literature is available on the 
behavior and response of the plate foundation-soil system 
alone. The textbook of Selvadurai’ describes the basic 
concepts as well as a detailed literature review up to 1978. 
The notable methods suggested include the power series 
solution of Borowicka,’ the integro-collocation method of 
Brown3 the finite element solution of Cheung and 
Zienkiewicz,4 and the energy method of Selvadurai.5 
Faruque and Zaman6 and Zaman et aL7 have also pro- 
vided an energy-based solution technique for this prob- 
lem. Malik et a1.8 have proposed a differential quadrature 
solution for the problem of a plate resting on an elastic 
half space. Extensive literature is available for the analysis 
and design of cylindrical storage tanks by classical meth- 
ods.’ Booker and Small” have presented a flexibility-type 
approximate analysis procedure, assuming a series func- 
tion for the reaction distribution of the soil that accounts 
for the interaction between the tank wall and the plate 
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foundation-soil system. Cheung and Zienkiewicz,4 Booker 
and Small,” and Mahmood” have applied the finite ele- 
ment method to analyze such soil-structure interaction 
problems. 
In this paper a differential quadrature method is pre- 
sented to predict the flexural behavior of cylindrical stor- 
age tanks with the circular plate foundations resting on 
top of an isotropic elastic half space. The tank wall and 
plate foundation materials are assumed to be linear elas- 
tic. The thin shell and thin plate bending theories are used 
to describe the flexural behavior of the tank wall and the 
plate foundation, respectively. The soil medium is mod- 
elled as an isotropic elastic half space region. The tank is 
assumed to be resting on the soil surface and not embed- 
ded in it. The interface between the plate foundation and 
the soil region is assumed to be smooth and continuous. 
The procedure accounts for the interaction between the 
tank wall and the plate foundation by satisfying the slope 
and moment compatibility at the junction. It also accounts 
for the interaction between the plate foundation and the 
soil medium using the contact stress equation for the 
elastic half space. The method provides answers for con- 
tact stress distribution at the interface between the plate 
foundation and the elastic half space, plate foundation 
deflections and moments, and tank wall deflections and 
internal forces. The work may be considered as a continu- 
ation of the research by Kukreti et al.‘* and Malik et a1.8 
Compared with other numerical techniques, such as the 
finite element method, the analysis procedure presented 
in this paper is computationally efficient and inexpensive. 
The results obtained by the method presented are com- 
pared with those reported by Booker and Small” for 
similar problems. Findings of a parametric study under- 
taken to investigate the effect of geometric and material- 
related parameters on the interaction between the tank 
wall, the plate foundation, and the soil medium are also 
reported. Further the results of an example problem where 
tank wall thickness varies linearly are also discussed. 
2. Description of the quadrature method 
An approximation to the value of a function integral or 
derivative at a given discrete point as a weighted linear 
sum of function values at discrete points of the indepen- 
dent variable is called an integral or a differential quadra- 
ture,r3 respectively. A quadrature approximation at the 
ith discrete point is given by 
L{f(X))i z i Wijf(xj) (1) 
j=l 
in which L is any differential, integral, or combined 
operator applied to a smooth and analytic function f(x), 
where x is the independent spatial variable, x1, x2,. . . , xN 
are the sampling points considered in the domain, f(xj) 
are the function values at these points, and wij are the 
weights attached to these functions values.‘4-‘9 To start 
with f(xj> and the coefficients wij are treated as the 
unknown coefficients in this method. To determine the 
coefficients wij the following power polynomial is used to 
approximate the function f(x): 
k=l k=l 
(2) 
Substituting each term, fJx), of this polynomial, called a 
test function, l3 into equation (1) leads to: 
L{xk-l}iE gwijx)-’ foriand k=1,2,...,N 
j=l 
(31 
In equation (3), the left-hand side can be solved for the 
chosen operator L. For a set of selected values of xi, 
equation (3) is written for all values of k = 1,2,. . . , N to 
complete the polynomial up to (N - 1) order. This repre- 
sents a set of N linear algebraic equations, which are 
solved for wij. This set of equations gives a unique solu- 
tion, since the matrix of elements x;- ’ is a Vandermonde 
matrix. Thus the resulting system can be solved analyti- 
cally, as described by Bjiirk and Pereyra.*’ The weighting 
coefficients, wij, so obtained are then substituted into 
equation (3) to express the derivatives and integrals of a 
function at a discrete point in terms of values of the 
function at all discrete points. This solution is then substi- 
tuted into the governing differential equation for the 
problem for each i including the boundary conditions at 
some of the points. The resulting system of equations is 
now solved for the unknown function values. 
Civan14 has shown that by choosing a few discrete 
points in the quadrature formulation, one may derive the 
well-proven finite difference differential and integral for- 
mulas. The quadrature method has been observed to 
provide very rapid convergence if the expected solution is 
smooth and continuous.6~8*‘3-19,2’-23 The first main ad- 
vantage of using the quadrature method is that it provides 
higher order polynomial fitting. The second advantage is 
that the same formulation may be used for differential 
terms of any order, integral terms, integro-differential 
terms, and a linear combination of all these types.14s15 
3. The governing equations 
A cross-section of the wall-plate foundation-soil system 
analyzed is shown in Figure 1. The tank extends in the 
vertical direction, denoted by the x-direction, and is rigidly 
connected to a base-plate, which extends in a radial direc- 
tion, denoted by r-direction. The base-plate in turn rests 
on an elastic half space soil medium. Throughout this 
paper the subscripts s, p, and t are used to refer to the 
soil, the plate foundation, and the tank wall, respectively. 
The free body diagrams of the tank wall, the plate founda- 
tion, and the soil medium are shown in Figure 2. The unit 
weight of the liquid in the tank is denoted by y, and the 
liquid height in the tank is denoted by H, which is also 
considered the height of the tank wall. The plate founda- 
tion and the bottom tank radius is denoted by a, which is 
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Figure 1. Cross-section of a liquid storage tank resting on soil 
medium. 
measured up to the center of the tank wall. The plate 
foundation thickness is denoted by tp. The tank wall 
thickness at the top is denoted by t(,, and at the bottom is 
denoted by t,,. The Young’s modulus of elasticity and 
Poisson’s ratios of the soil, plate foundation, and tank wall 
materials are denoted by (E,,u,), (E,,u,), and (E,,u,), 
respectively. 
3.1 Tank wall 
Using the following nomenclature to normalize the vari- 
ables for the tank wall, 
X = tank wall normalized height ordinate =x/H 
(4) 
II, = inner radius of tank 
R = t,, - t,, (5) 
t, = tank wall thickness = trb + RX (6) 
a, = center-line radius at any height x = a, + t,/2 
(7) 
D, = flexural rigidity of tank wall 
4 
= 12(1 -u:> 
($ + 3t,$,RX+ 3t,,R2X2 + R3X3) 
(8) 
Cl, = 
12(1 - $)H4 t, 
t3 
(9) 
fb az x 
c,, = C,,(l -x> (10) 
a, = - (yHa:)/(E,t,) (11) 
w(X) = tank wall normalized radial displacement 
= WI/% (12) 
s = R/(Ht,,) (13) 
the governing differential equation’ for radial displace- 
ment, w(X), of the tank wall can be written in normalized 
(b) 
J I 
Cc) 
Figure 2. Free body diagrams of major structural components 
of the tank-soil system. (a) Tank wall. (b) Plate foundation. (c) 
Soil medium. 
coordinates as follows: 
The bending moment and shear force at any height x 
from the base of the tank are denoted by M, and Q,, 
respectively. The normalized moment, M(X) = MJ yHa2, 
and normalized shear, Q(X) = Q,/ yHa, can be computed 
by the following expressions: 
1 
M(X) = - 
12(1 - $)t,H2 
x 6b 
[ 
d2w(X) d*w(X) 
dx2 
+ 3t&RX 
dX2 
+3t R2X2 
d2w(X> 
+ R3X3 
d2w(X) 
tb 
ax2 dx2 
(15) 
1 
Q(X) = - 
12(1 - $)t,H3 
d3w(X) 
ax3 
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(16) 
3.2 Base plate 
Using the following nomenclature to normalize the vari- 
ables for the base plate and including the contact stress, 
q,, in the load q(r), 
p = normalized radial coordinate = r/a (17) 
A = (1 - u,2)/E, (18) 
W( p) = normalized bending plate deflection 
= w,/ yHa +S (19) 
K = relative rigidity factor = (1 - uf)(E,JE,)(tP/a)3 
(20) 
q( p) = normalized contact stress = q,/YH (21) 
p( p) = normalized distributed load on the plate 
=Pr/yH (22) 
the governing differential equation’ for vertical displace- 
ment, w(p), of the base plate subjected to soil pressure, 
q( p), is given by 
_ 12(1 - ?a s( p) 
5TK 
12(1 - up”) 
-P&-T K p(p) for O<p<l 
(23) 
where 
s( p) = p\ll-p2q( p) (24) 
and 
dp dt 1 
(25) 
The normalized moment, M( p) = M,/rHa*, and normal- 
ized shear, Q( p) = Q,/ yHu, in the plate can be computed 
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from the following expressions: 
1 K 
M(p’=-12(1-v;) 
d*w( p> up dw( p) 
dp* +; dp 1 
(26) 
K 
Q( p, = - 12(1 _ $) 
d3w( p) 
3+ 
1 d*w(p) 1 dw(p) 
X -~--- 
dp P dp* P* dp I 
(27) 
3.3 Boundaly conditions 
Because of the axisymmetry, an L-shaped domain is con- 
sidered starting from top of the tank wall to the center of 
the base-plate. The longitudinal moment and radial shear 
should vanish at the top of the tank wall. The slope and 
shear should be zero at the center of the base-plate, 
however, both these conditions reduce to only one, namely, 
the slope should be zero at the center. Mathematically 
these boundary conditions are expressed as follows: 
[M(X)lx= 1= 0 (28a) 
[Q(X)lx= I = 0 (28b) 
dw( p) 
[ 1 dp =0 or [Q(p)],=0=0 (28~) p=l 
3.4 Compatibility conditions 
For compatibility at the junction of the tank wall and the 
base-plate the bending moment as considered for separate 
free body diagrams should be equal and opposite, and the 
slopes should be equal. Considering the tank wall to be 
infinitely stiff in the axial direction the radial deflection of 
the tank wall at the bottom is considered to be approxi- 
mately equal to zero. Further it is assumed that the shear 
of the base-plate at the center of the wall is approximately 
equal to zero. These conditions are expressed as follows: 
[M( p)l,= 1= -[M(X)lx=o (29a) 
[Q( p)l,=l =O 
rw(x)lx=o = 0 
(29~) 
t29d) 
4. Differential quadrature formulation 
The normalized domain for the tank wall and base-plate 
(0 to 1) is divided into N discrete points. Malik et aL8 
showed that zeros of Legendre polynomials, shifted lin- 
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early to the interval zero to one, work best for this 
problem. Using the symbols Al,,, A2,,, A3,,, A4,,, A&,, 
A6ij, A7i., A8,,, A9ij, AIOij, Allij, A12,,, and A13,, for 
the weighting coefficients of dw( X)/&X, dZ W( X)/&Y*, 
d%v(X)/dx ) d‘WX)/dX4, d*/dX*(X(d%(X)/dX*)), 
d2/dX*(X*(d*W(X)/dX*)), &/dX2(X%PW(X)/ 
dX2)), XWW(X)/dX2), xz(dzW(X)/dXz), 
X%PW(X)/dX2), d/dX(X(d2W(X )/dX *)I, 
d/dX(X2(d2~(X)/dX2)), and d/dX(X3(d2w(X)/ 
dX*)), respectively, the governing differential equations 
for the tank wall, equation (141, is written as follows: 
5 [ A4, + 3SA5ij + 3S2A6ij + S3A7,] 
j=l 
+(C,,),w(X) = (C,,ji for i = 1,2,.. . , N 
(30) 
The expression for S(p) to be used in equation (231, 
derived from equations (24) and (251, may be written in 
differential quadrature form as follows: 
for i,k=1,2 ,..., N 
(31) 
where A14ij are the weighting coefficients for S(p), and 
Z,=l; Z2=t; and Zk= 1-i Zk_2 
( 1 
L, = 43; 
for k> 2 (32) 
and L,= 7 +(1-f)p2L,_, for k>2 
(33) 
J,=P; 
and J~=-f+(l-~)p2J~_2+2(l-~) 
xpdGL,_, for k> 2 (34) 
Similarly the governing differential equation for the base- 
plate, equation (23), becomes 
jcl [ (A15ij - 12(Liu’)A14ij) WC PiI] 
= 
12(1 - up’) 
K pi J1_p,zP( PI 
for i= 1,2,.. N (35) 
where the coefficients matrix A15,, represents the weight- 
ing coefficients for the operator 
JG-;jdp( P-$-$( P%)]) 
The boundary conditions given by equations (28aH28c) 
in differential quadrature form, respectively, become 
2[’ ttb A2, + 3t:,RA8, 
j-1 
+3t,,R2A9,j + R3A10,]W(Xj) = 0 (36a) 
N 
CI t,3,A3, + 3t:,RAll, 
j=l 
+3t,,R2A12, + R3A13,]W(Xj) = 0 (36b) 
; [Al,jlw(p)=O 
j=l 
(36~) 
It may be noted that the coefficient matrices for a particu- 
lar operator will be the same for the tank wall and 
base-plate if the normalized quadrature points are the 
same. 
Finally the compatibility conditions given by equations 
(29aH29d) can be written, respectively, in differential 
quadrature form as 
1 
5 
t;,A2,, + 3tfbR48,j 
12(1 - U:)t,,H2 j= 1 +3t,,R2A9,j + R3A10,, 
K 
’ wcXj) + 12(1 _ u;) 
x ; A2,+ ZAl,, w(pj) = 0 
j=l I I 
(37a) 
rI-24, E [Al,jIw( pi) + 2 ,E [Al,jIw(Xj) -0 
j=l J=l 
(37b) 
A3, + 1-A2Nj - LAl, w( pj) = 0 (37~) 
PN P$ 1 
x(X=0)=0 (37d) 
Matrix form of equations (30) and (35) can be grouped 
together to get a set of 2N linear simultaneous equations 
for the system. These equations are to be solved for the 
unknown horizontal displacements for the tank wall and 
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vertical displacements for the base-plate, at the chosen 
discrete points, so as to satisfy the boundary conditions 
given by equations (36a)-(36c) and the compatibility con- 
ditions given in equations (37a)-(37d). The assembly pro- 
cess is diagrammatically shown in Figure 3 and is briefly 
explained here. The (N x A9 coefficient matrix of equa- 
tion (30) for the tank wall, already known numerically, is 
assembled in the lower right quarter of a (2N x 2N) 
pseudo-stiffness matrix, whereas, the (N x N) coefficient 
matrix of equation (35) for the base-plate is assembled in 
the upper left quarter of the matrix. Accordingly unknown 
displacements for the tank wall and the base-plate are 
arranged in the lower and upper half of the displacement 
vector, respectively. Similarly the pseudo-load vector (i.e., 
the right-hand side of the matrix equation) is formed by 
arranging the known quantities on the right-hand sides of 
equations (30) and (35) in accordance with the manner in 
which the displacement vector is assembled. The boundary 
and compatibility conditions given by equations (36a)- 
(36~) and (37aH37c), respectively, are invoked by simply 
replacing the required number of analogous differential 
equations for points near the edge (as shown in Figure 3) 
with the differential quadrature analogs of the boundary 
and the compatibility conditions. The compatibility condi- 
tion given by equation (37d) is implemented by forcing the 
displacement of the tank wall at the interface to be zero. 
It is obvious from the above discussion and Figure 3 that 
the real interaction between the tank wall and the base- 
plate is through the moment and slope compatibility. The 
resulting system of equations is solved for the unknown 
normalized displacements at the discrete points. All the 
response parameters are now calculated using their 
quadrature expressions, corresponding weighting coeffi- 
cients, and the normalized displacements at the discrete 
points. 
5. Results and discussion 
To verify the numerical solution procedure presented in 
this paper the example problem reported by Booker and 
Small” and by Kukreti et a1.12 was analyzed. The results 
compare very well with the finite element results pre- 
sented by Booker and Small.” Further the problem of 
convergence in the domain p = 0.8 to 1.0 for energy 
-r 1 
Figure 3. Schematic representation of assembling the differen- 
tial quadrature equations. 
solution of the base-plate, as reported by Kukreti et al.,” 
is also eliminated. A parametric study based on the guide 
lines of Kukreti et al.” is then undertaken to investigate 
the effects of the basic geometric and material-related 
parameters that characterize the behavior of the cylindri- 
cal storage tank resting on the elastic half space soil 
medium. 
5.1 Numerical verification 
The numerical example presented by Booker and Small” 
was solved, the data of which is as follows: 
Liquid unit weight: y = 9.81 KN/m3 
Tank wall: 
height, H = 7.5 m 
thickness, t,, = t,, = 0.36 m 
Young’s modulus, E, = 1.4 X lo4 MPa 
Poisson’s ration, vI = 0.0 
Base-plate: 
radius, ap = 9.0 m 
thickness, tp = 0.36 m 
Young’s modulus, Ep = 1.4 X lo4 MPa 
Poisson’s ratio, up = 0.0 
Soil medium 
Young’s modulus, E, = 20 MPa 
Poisson’s ratio, us = 0.4 
The unrealistic values v, = 0.0 and up = 0.0 were selected 
because these two parameters have little effect on the 
results obtained (as will be shown later) and because 
comparison was possible with the results of Booker and 
Small.” 
Solution of this example was obtained by using 19 
quadrature points. The results obtained by the quadrature 
method along with the finite element results, as reported 
by Booker and Small, lo for the contact stress distribution, 
the base-plate differential settlement, the base-plate ra- 
dial bending moment, the tank wall longitudinal bending 
moment, and the tank wall membrane force are shown in 
Figures 4 to 7, respectively. Booker and Small” used 32 
1 
130 
1 
4 
lid 
B 
FW0EkdWIW.B 
40-l 
0 1 2 3 4 5 5 7 8 
r (mJ 
Figure 4. Variation of contact stress along the radial distance 
of the plate foundation for Booker and Small’s example. 
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elements and 33 nodes to model the longitudinal half tank 
(both the wall and the base-plate). They used 4-node 
elements to model most of the soil layer, equal in depth to 
the diameter of the tank, except at the bottom-right 
corner where four 3-node triangular elements were used. 
The total number of soil elements in their model was 
equal to 532 with 293 nodes. However, in reality, either 
two-dimensional axisymmetric plane strain elements or 
three-dimensional shell elements are needed to model the 
tank wall. No details about the types of elements used in 
their analysis for the tank wall, base-plate, and soil layer 
are presented by Booker and Small.” 
Figure 4 shows that the contact stress within about 65% 
of radius of the base-plate is very accurately predicted by 
the present analysis, with a maximum difference of less 
than 3% from the finite element results. Also the general 
shape of the distribution in the remaining part of the 
base-plate is similar. The numerical difference continues 
to increase toward the plate-edge, probably due the fact 
that although the theoretical equation proposed by Sned- 
donz4 predicts infinity stress at the edge, redistribution of 
stresses occurs in this region to effectively reduce the 
stresses. The results obtained by the differential quadra- 
ture method are much better than the results obtained by 
using the energy method, reported by Kukreti et al.” 
Finite element method is perhaps the most appropriate 
method to find the stresses near the plate-edge in this 
case, as it allows some redistribution of stresses. 
Differential deflection of the base-plate with respect to 
the plate-edge is shown in Figure 5. The maximum differ- 
ence with the finite element solution curve is approxi- 
mately 30%. However the overall deflected shape of the 
plate remains the same, and the difference in central 
differential deflection is less than 2%. Results of the 
energy method also show a somewhat similar deviation 
from the finite element results as reported by Kukreti 
et al.” and shown in Figure 5. 
The base-plate radial moment (causing tension in the 
bottom layer is considered positive) and the tank wall 
longitudinal moment (causing tension outside is consid- 
-2- 
-1t 
0 12 3 4 5 6 7 0 9 
r Im) 
Figure 5. Differential deflection of the base plotted against the 
radial distance for Booker and Small’s example. 
r (m) 
(a) 
-0G-: I 
0 1.25 2.5 3.75 5 6.25 7.5 
3 
x (In) 
(b) 
Figure 6. Base-plate and tank wall moment distributions for 
Booker and Small’s example. (a) Variation of plate foundation 
radial moment versus radial distance. (b) Variation of plate 
foundation longitudinal moment versus height from the base. 
ered positive) are shown in Figures 6(a) and 6(b), respec- 
tively. They are in close agreement with the finite element 
solution, the maximum difference with respect to maxi- 
mum magnitude of the moments being 8.5% for the 
base-plate and 10% for the tank wall. It is important to 
note that the differential quadrature method did not give 
any instability of solution in the outer quarter domain of 
the base-plate, as was experienced by the energy method 
reported by Kukreti et al. l2 Because high concentrations 
of moment often occur at the base-plate center at the 
junction of the tank wall with the base-plate the predic- 
0 1.25 2.5 3.75 5 6.25 7.5 
x (ml 
Figure 7. Tank wall membrane force versus height from the 
base for Booker and Small’s example. 
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tion of the central moment and the edge moment are of 
particular interest in structural analysis and design. Both 
the moment values predicted by the quadrature method 
are very close to the values predicted by the finite element 
model. The edge moment obtained from the present anal- 
ysis is about 32% more than the value predicted if the 
tank wall were assumed to be fixed at the bottom. Thus 
any analysis based on the assumption that the tank wall is 
fiied at the base will give unconservative results. This 
justifies the necessity of including the interaction between 
the base-plate, the soil medium, and the tank wall in the 
analysis. 
The tank wall membrane force variations along the 
height of the tank are shown in Figure 7. The results are 
in close agreement for the upper three quarters of the 
tank height (the maximum difference is 6% with respect 
to the maximum magnitude of the force). The discrepancy 
in the value of the hoop force near the base is due to the 
simplifying assumption made in this analysis that the 
base-plate is infinitely stiff in the axial direction. The 
base-plate, because of its assumed rigidity, does not allow 
the tank wall to displace radially at the base, making the 
value of the hoop force in the tank wall zero at this level. 
5.2 Parametric study 
A literature survey of the topic’-3~5-8~10-‘2~25 indicates 
that the parameters (Ye, (Y*, T,, K, v,, vS, ES, A, and t,, 
affect the response of the tank wall-base-plate soil system, 
-3 -2.5 -2 -1.5 
~O~lOX 
(a) 
where CY~ = fp/a, (Ye = H/a, T, = (1 - vt)E,/E, = &E,, 
vt = Poisson’s ratio of the material of the tank wall, vS = 
Poisson’s ratio of the soil, Es = Young’s modulus of elas- 
ticity of the soil, and t,, = tank wall thickness at the top. 
The parameters were varied one by one to observe their 
effect on the response of the following primary design 
variables: (qrJzo/YH, (wp>,=O/yaH+~, (M,),,o/rHa2, 
(M,>,,,/rHa2, and the maximum value of (~~/a,). 
To determine the range of variation of the soil-related 
parameters, the soil medium is considered to vary from 
soft clay to rock. This domain can be covered by varying 
Es between 7 and 10,350 MPa and varying us between 
0.25 and 0.40. In most of the civil engineering, structures 
these types of tanks are made of steel or concrete, and 
hence E, and Ep have values either close to 2.0 x lo4 
MPa or close to 2.0 X lo5 MPa. In view of these values 
and considering the t,/a ratio to be 0.1, limiting values of 
T, are obtained as 1 and 30,000, whereas K may be 
considered to be varying between 0.001 and 30.0. It should 
be noted that the value T, = 1 gives unrealistic values for 
the t,/a ratio near K = 30. The results obtained for the 
different design variables using 19 quadrature points were 
plotted against log,, K for T, = 1000 and T, = 30,000, and 
the results for the design variables, which varied signifi- 
cantly for these two extreme values of T,, are shown in 
Figures 8(ah-8@. Other plots can be found in Ref. 26. In 
finding the solution at a particular value of K it is better 
to use the highest number of quadrature points just be- 
fore the solution blows up, as shown in Figure 9. It was 
log,~x 
Cc) 
Figure 8. The effect of parameters T, and K on different response variables. (a) Plate foundation central moment. (b) Plate foundation 
edge moment. (c) Maximum tank wall radial deflection. 
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Figure 9. Effect of parameters a1 and K on different response variables. (a) Contact stress near the plate foundation center. (b) Plate 
foundation central deflection. (c) Plate foundation edge deflection. (d) Plate foundation central moment. (e) Plate foundation edge 
moment. (f) Maximum tank wall radial deflection. 
observed that only the base-plate moments and the maxi- 
mum tank wall deflections vary for the two extreme values 
of T, for 0.5 <K < 30, with a maximum difference of 
about 25%. These graphs also show the effect of varying 
the t,/a ratio for the assumption that E, = Ep. Because of 
the small effect of the parameter T,, to investigate the 
effect of the other parameters T, was kept constant and 
equal to an intermediate value of 1,000. 
The parameter (Ye represents the ratio of the tank wall 
thickness to the base-plate radius. The results for (Y* = 0, 
0.01, and 0.10 using 19 quadrature points throughout and 
by varying the quadrature points from 19 to 25 are pre- 
sented in Figures 9(u) to 9@. Values of the other parame- 
ters taken are ‘Ye = 1.0, T, = 1,000, and v, = up = 0.30. The 
range of values selected for K includes soil varying from 
hard rock to very soft clay and plate thickness varying 
within all the possible ranges for a thin plate. Because of 
the large variation in the value of K considered it is found 
that the deflected shape of the plate alters significantly as 
K increases, thus changing the order of the response 
polynomial. The number of quadrature points needs to be 
changed to get a more accurate estimate of the response 
associated with the problem of a sudden jump in the 
graph resulting at the location where the change occurs. 
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The value of (or = 0 corresponds to the case of an isolated 
circular plate resting on the soil medium. For this case the 
results of the differential quadrature method using varied 
numbers of points are practically the same as reported by 
Malik et a1.8 and Brown.3 The results using a constant 
number of points have a maximum difference of 18% for 
all the Fimres 9(a) to 9(f). Figure 9(a) shows that the 
contact stress is affected insignificantly (less than 3%) by 
the ratio LY, equal to a value that represents a very rigid 
plate (log,, K & 1) or a very flexible plate (log,, KG - 1.7). 
Therefore of the above two regions the base-plate-soil 
system behaves as if the tank wall does not exist. The 
contact stress at the plate center for all cases with log,, K 
< - 1.7 is slightly greater (the difference is less than 
2.5%) than the uniform pressure exerted on the base-plate, 
but converges to it. For the cases with log,, K 2 1 the 
contact stress at the center reduces to nearly half the 
applied pressure on the base-plate. In between the two 
regions there is a sharp drop in the contact stress value at 
the plate center. It drops from approximately yH to 
0.5yH. The base-plate central deflection shown in Figure 
9(b) is nearly the same for all values of (pi when log,, K 
2 1 and log,, K is near - 1.8, the maximum difference 
being less than 8%. The base-plate edge deflection shown 
in Figure 9(c) varies significantly for different values of (pi 
due to the interaction of the tank wall (the maximum 
difference is 9% between the two extremes of the practi- 
cal range selected for the ratio CY,) but the difference 
reduces for stiff plates. From Figure 9(d) it can be seen 
that the plate central moment is not affected by the tank 
wall thickness for a very flexible base-plate, log,, K < - 1. 
For stiffer plates the central moment decreases signifi- 
cantly by the presence of a thicker tank wall, the maxi- 
mum reduction being 45%. Similarly, as shown in Figure 
9(e), the edge moment increases from zero for a system 
with no tank wall to a maximum of 0.034yH 2a by the 
presence of a stiff tank wall ((Y, = 0.1). Also as expected 
the presence of a thick tank wall reduces the maximum 
tank wall deflection (a maximum difference of 45% when 
~yi is increased from 0.01 to 0.101, as shown in Figure 9fl. 
For most practical cases the value of CY~, representing 
the height of the liquid in the tank normalized by the base 
radius, can vary between 0.5 and 2.0. The results for these 
limiting values and for an intermediate value of CQ (= 
1.25) were plotted against the normalized radial coordi- 
nate p versus the primary design variables, keeping (pi, 
T,, log,, K, up, and vI constant at 0.10, 1,000, -0.50, 0.30, 
and 0.30, respectively. The response, normalized by the 
height of liquid and other parameters, was found to be 
very close for all three values of o2 (a maximum differ- 
ence of 9%), except for the tank wall radial deflection, 
which is presented in Figure 10. The variation of p versus 
other design variables (contact stress distribution, plate 
foundation deflection, and radial moment) can be found 
in Ref. 26. For (Ye = 0.5 the tank wall acts as a short 
cantilevered shell having bending effect and hence result- 
ing in a radial deflection at the top edge. Major curvature 
in this case is near the junction of the tank wall with the 
base-plate and is convex inward. For the other two values 
of LYE the bending effect is negligible at the top edge and 
the major curvature is convex outward. 
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The most common materials used for the tank wall and 
base-plate are concrete and steel, for which the value of 
Poisson’s ratio can be taken as 0.15 and 0.30, respectively. 
The results obtained for these two values of Poisson’s 
ratio (the Poisson’s ratio for either the base-plate or of 
the tank wall is fixed at a value of 0.30 and the other is 
varied) and for c~i, CQ, T,, and log,, K equal to 0.10, 1.0, 
1,000, and - 0.50, respectively, indicated that the Poisson’s 
ratio of the tank wall has very little effect on the primary 
design variables (less than a 1.5% difference between 
Y( = 0.15 and vI = 0.30), whereas the Poisson’s ratio for 
the base-plate has some effect (less than a 15% difference 
between up = 0.15 and vp = 0.30). The plots for these 
results are presented in Ref. 26. 
To isolate and study the effect of soil properties, E, 
and v~, the parameter 4s was varied between 1.0 X 10e4 
for very hard rock to 10.0 for very soft clay. It is to be 
noted that when +s varies both the parameters TI and K 
vary simultaneously. The computations were performed 
for the following data: (pi = 0.01, (Ye = 1.0, EP = 20.69 
MPa, E, = 200 MPa, vp = vt = 0.30, tp = 0.381 m, and a = 
3.048 m. The results obtained for this data are plotted in 
Figures 11(a)-11(f). Figure 11(a) shows that the contact 
stress near the plate center is approximately equal to the 
intensity of the applied load for the case when the elastic 
half space is hard rock and equal to half the intensity of 
the load for the case when the elastic half space is soft 
clay. Figure 11(b) indicates that the differential settlement 
of the base is nearly zero for the hard rock and stabilizes 
at a maximum of O.O046/yaH for soft clay. However the 
overall plate central deflection shoots very rapidly for soft 
clay, as shown in Figure 11(c). Base-plate central moment 
remains practically zero for hard rock but rises rapidly as 
the softness of soil increases, as shown in Figure 11(e), but 
it tends to stabilize for K > 0.1. This behavior is due to the 
fact that, on hard rock, the plate does not experience 
many flexural deformations, whereas, on the soft clay a 
relatively large amount of bending of the plate occurs, 
causing large bending moments. Figure llfl shows that 
the maximum tank wall radial deflection, although it varies 
a little for K >, 0.001, remains practically constant at ap- 
proximately 0.8 CY,. 
X 
H 
Figure 10. The effect of parameters (Ye on the tank wall radial 
deflection. 
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Figure 11. The effect of soil elastic properties parameter A on plate foundation and tank wall responses. (a) Contact stress near the 
plate foundation center. (b) Plate foundation central differential deflection. fc) Plate foundation central deflection. fd) Plate foundation 
central moment. fe) Plate foundation edge moment. (f) Maximum tank wall radial deflection. 
5.3 Analysis of a tank with uariable wall thickness 
The varying tank wall thickness example presented by 
Booker and Small” is also solved using the differential 
quadrature method. The following data is used: a2 = 1.0, 
u = 0.30, K= 0.1, tp/a = 0.1, t,, = O.lt,, t,, = O.O2t,. It 
s R ould be noted that the linearly varying wall thickness 
problem can be very easily analyzed by the differential 
quadrature method, as shown in the derivations earlier. It 
is very difficult to solve the governing differential equa- 
tions analytically for this case as the expression for thick- 
ness is included in the flexural rigidity term, which ap- 
pears in the denominator of the terms of the governing 
differential equation for the tank wall. The results for 
variation of the contact pressure, base-plate vertical dis- 
placement, base-plate radial moment, and tank wall radial 
displacement were plotted. It was seen that the contact 
stress, base-plate vertical displacement, and base-plate 
radial moment are not significantly affected by the pres- 
ence of a tapered wall in place of a constant thickness wall 
(the maximum difference less 1% of the maximum magni- 
tude). Booker and Small” have only reported results for 
the tank-wall deflection (reproduced in Figure 12 along 
with the differential quadrature results for constant thick- 
ness and linearly varying thickness case), for which they 
have considered a stepped tank wall with five sections of 
equal height. The effect of this approximation for linearly 
varying tank wall thickness is compared with the differen- 
tial quadrature solution, considering the actual thickness 
variation and the maximum difference observed is 38%. 
The maximum difference between the deflections of lin- 
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Figure 12. Results for tank wall radial deflection for varying 
tank wall thicknesses. 
early varying and constant thickness cases is approxi- 
mately 38% of the maximum magnitude for the linearly 
varying thickness case. 
6. Conclusions 
A differential quadrature method solution is presented to 
predict numerically the flexural behavior of a cylindrical 
liquid retaining tank resting directly on an isotropic elastic 
soil medium, which is considered as an elastic half space. 
The interface between the plate foundation and the soil 
half space is considered to be perfectly smooth and con- 
tinuous. The procedure accounts for the interaction be- 
tween the tank wall, base-plate, and soil half space by 
satisfying the slope and moment compatibility at the junc- 
tion of the wall and base, and by satisfying the contact 
stress equation for the elastic half space. Zeros of Legen- 
dre polynomials are taken as quadrature points, which 
automatically fit a polynomial of degree one less than the 
number of points for the expected response. A differential 
quadrature method is used to solve the differential equa- 
tions for the tank wall and the base-plate, and for the 
integro-differential equation for the contact stress be- 
tween the foundation and the soil. 
The numerical solution of two highly complex fourth- 
order differential equations and one integro-differential 
equation solved together proves the advantages of using 
the differential quadrature method as compared to other 
numerical methods. The differential quadrature method 
presented is simple, accurate, and easy to program. On a 
DEC Station 5000/25 computer operating on ULTRIX 
4.2a a typical analysis took about 0.08 set of system time 
and 0.28 set of user time. Analysis of the same problem 
using the finite element method would require a lot of 
programming skill, computer time, and storage. For the 
problem under study, after finding the unknown displace- 
ments of the tank wall and base-plate at the quadrature 
points selected, the displacement variation or function 
along the tank wall and the plate foundation are known. 
Matrix expressions for any required force or displacement 
variation may then be easily developed using the appropri- 
ate coefficients for the differential quadrature analogs of 
the standard equations relating the tank wall and plate 
foundation internal forces to the respective displacement 
functions and the already calculated deflections. 
The results obtained for a plate-soil system without a 
tank wall compare very well with the already published 
results. Similarly results for a fixed base tank wall are 
practically the same as those obtained from the classic 
analytical solution. The results obtained for the integrated 
tank wall-base-plate soil system, considering the soil- 
foundation and foundation-superstructure interactions, 
also compare well with the finite element results. The 
results of an example in which the tank wall thickness 
varied linearly were also compared with flexibility method 
results reported in the literature, and they were found to 
be sufficiently close. 
A parametric study has also been undertaken to inves- 
tigate the effects of all the basic parameters defining the 
geometric and material properties of the tank wall, the 
base-plate, and the soil. The graphical results presented 
here can be used to estimate the flexural response, includ- 
ing the interaction between the different components of 
cylindrical liquid storage tanks of practical importance 
resting on soils. 
Nomenclature 
a 
a, 
ax 
A Oij 
C 2x 
4 
-4 
f(x) 
H 
I kp 
J kp 
K 
L 
MkP 
Mb 
MI 
M(X) 
Xi/4 
$X, 
Q, 
Q( P) 
radius of base-plate center-to-center of the tank 
wall, also denoted by a 
inner radius of the tan R 
center-line radius at any height x from base of the 
tank 
weighting coefficients for different operators 8 
12(1 - u:)H4 t, 
t3 
C,,(l i”x, 
az 
* 
flexural rigidity of tank wall at any height x from 
the base 
Young’s modulus of elasticity of the base-plate 
material 
Young’s modulus of elasticity of the soil under- 
neath 
Young’s modulus of elasticity of the tank wall 
material 
function values of the quadrature points 
height of liquid in the tank, also height of the tank 
wall 
constants as defined in the paper 
constants as defined in the paper 
relative rigidity factor 
(1 - u~XE,,/EsXtp/a)3 
constants as defined in the paper 
base-plate radial moment 
base-plate radial moment, normalized by yHa* 
tank wall longitudinal moment 
tank wall longitudinal moment normalized by yHa2 
contact stress 
contact stress normalized by yH 
shear force at a height x from the base 
shear force normalized by -yHa 
shear force at a radial distance r from the center 
of the base 
base-plate shear force normalized by yHa 
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s 
tP 
t fl 
t rb 
t x 
T, 
wij 
wP 
WC p> 
z;x, 
x 
radial coordinate for the base-plate 
‘tr - ttb 
R/m,, 
base-plate thickness 
tank wall thickness at the top 
tank wall thickness at the bottom 
tank wall thickness at any height x from the base 
(1 - V,2>E,/E, 
weights attached to the function values f(xj) 
vertical displacement of the base-plate 
wp normalized by yHu& 
radial displacement of the tank wall 
w, normalized by CY, 
height of the tank at any level measured from the 
base 
x/H 
- (rHu,2)/(E,/t,) 
tp/a 
H/a 
(1 - V,2)/E, 
any differential, integral or combined operator on 
f(x) 
Poisson’s ratio of the base-plate material 
Poisson’s ratio of the soil underneath 
Poisson’s ratio of the tank wall material 
radial coordinate for the base-plate normalized 
by a 
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